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The conventional characterization of periodically driven systems usually necessitates the time-domain infor-
mation beyond Floquet bands, hence lacking universal and direct schemes of measuring Floquet topological
invariants. Here we propose a unified theory based on quantum quenches to characterize generic d-dimensional
(dD) Floquet topological phases, in which the topological invariants are constructed with only minimal infor-
mation of the static Floquet bands. For a dD phase which is initially static and trivial, we introduce the quench
dynamics by suddenly turning on the periodic driving, and show that the quench dynamics exhibits emergent
topological patterns in (d − 1)D momentum subspaces where Floquet bands cross, from which the Floquet
topological invariants are directly obtained. This prediction provides a simple and unified characterization, in
which one can not only extract the number of conventional and anomalous Floquet boundary modes, but also
identify the topologically protected singularities in the phase bands. The applications are illustrated with 1D
and 2D models which are readily accessible in cold atom experiments. Our study opens a new framework for
the characterization of Floquet topological phases.
Introduction.— Topological phases have been extensively
explored in equilibrium systems [1, 2]. Recently, Floquet
topological phases were proposed in periodically driven sys-
tems and attract broad interests [3–7]. The spatiotemporal
control in Floquet systems introduces an additional degree
of freedom in time domain and leads to richer topological
phases [8–12]. As a versatile tool for quantum engineer-
ing [13–15], the periodic driving opens a new route to realize
various topological states [16–24].
Like the Bloch momentum states in a spatial lattice,
quasienergy states with the Floquet bands can be obtained in
a periodically driven system, which are characterized by the
time-independent effective Floquet Hamiltonian [15]. The in-
clusion of the temporal degree of freedom brings about new
classes of topological phases that cannot be completely in-
terpreted by the topological invariants of the static Floquet
bands. Such phases are known as the “anomalous” Floquet
topological phases [8, 25–28], where the bulk topology has no
direct correspondence to the number of boundary modes [8].
Their characterization was proposed by considering the mi-
cromotion throughout the entire driving period [8, 9, 29, 30],
with the topology being classified either by the winding num-
ber defined in the momentum-time space [8, 29], or by topo-
logically protected singularities in the spectrum of the time-
evolution operator called the phase bands [9]. Both of them
are however physically not intuitive and lack direct measure-
ments in general.
In this Letter, we propose a unified theory with highly feasi-
ble characterization scheme, in which the Floquet topological
invariants are extracted based on minimal information of the
Floquet bands. We consider a class of d-dimensional (dD)
models of Floquet topological phases, with periodic driving
applied on top of already-existing band structures. Instead of
studying the steady state, we develop a characterization the-
ory using the quench dynamics of an initially fully-polarized
state, which is induced by suddenly turning on the periodic
driving. Our theory is built by generalizing a fundamental dy-
namical bulk-surface correspondence [31–33], which shows
that the bulk topology of a dD equilibrium phase has a one-to-
one correspondence to quench-induced dynamical topological
patterns emerging on (d − 1)D momentum subspaces called
band inversion surfaces (BISs). This feature has been experi-
mentally observed in nondriven cold-atom [34–37] and solid-
state spin [38–41] systems, and also applied to non-Hermitian
systems [42–44]. The generalization of the dynamical bulk-
surface correspondence to Floquet systems provides a uni-
fied theory for the full characterization of Floquet topological
phases.
Our main results include: (i) For the dD system with a pe-
riodic driving f (ωt), the Floquet topological phases are fully
characterized by the (d − 1)D emergent topology of quench
dynamics on both static and driving-induced BISs, as di-
rectly measured through stroboscopic time-averaged spin tex-
tures. (ii) With a controllable phase φ in the driving field
f (ωt − φ), the dynamical characterization exhibits distinct
features in odd and even dimensional phases. For odd di-
mensions, the phases are symmetry-protected, and the char-
acterization scheme is applied after a modification that dy-
namical spin textures are averaged from a modified initial
time tφ = φ/ω. For even dimensions, the phases necessitate
no symmetry-protection and the dynamical characterization is
generally valid. (iii) Both the conventional and anomalous
Floquet topological phases are characterized by the present
unified theory. Moreover, by manipulating φ, we show that
the dynamical spin textures exhibit nontrivial topology in the
φ-parameter space, which corresponds to topological singu-
larities in the time-dependent phase bands. (iv) The Floquet
topological invariants are directly measurable in this theory,
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FIG. 1. Characterization scheme for the 1D model. (a) Band struc-
ture. Copies of spin-up and -down bands (dot-dashed curves) are
labeled by (s,m), which define both driving-induced (dashed green
circles) and static BISs (dashed orange circles). The Floquet bands
(solid curves) are shown in the FBZ [−pi/T, pi/T ] (shaded region).
(b) Quench protocol. When t < 0, a large Zeeman field is applied;
at t = 0, the Zeeman field is removed and periodic driving is turned
on. (c) Stroboscopic time-averaged spin textures 〈σz〉 (upper) and
〈σx〉 (lower). The vanishing spin polarizations determine the BISs,
each corresponding to a pair of momenta kx = k jL/R ( j = 1, 2, 3, 4).
The dynamical spin-texture field g(k) on BISs (green arrows) char-
acterizes the topology. The sign “+” (“-”) denotes the region where
hF,z > 0 (< 0). Here tso = 0.3t0, mz = 1.5t0, ω = 2t0 and V0 = t0.
and experimental models are proposed.
Generalized bulk-surface duality.–To illustrate how the dy-
namical characterization scheme works, we start with a simple
1D model described by the Hamiltonian
H(t) = Hs + Veiωt + Ve−iωt. (1)
Here Hs = h · σ = (mz − 2t0 cos kx)σz + 2tso sin kxσx can be
realized in a 1D optical Raman lattice [45, 46], with σx,y,z be-
ing the Pauli matrices, and t0 (tso) denoting the spin-conserved
(-flipped) hopping. The driving V = V0σz can be achieved by
modulating bias magnetic field.
We characterize the bulk topology via BISs where the spin-
up and spin-down bands cross. For the static Hamiltonian Hs,
the BIS, existing if |mz| < 2t0, corresponds to two momenta
with hz(kx) = 0 [31], and the spin-orbit (SO) coupling hx
opens a topological gap at the BIS. The quasi-energy spec-
tra of the total Hamiltonian H(t) = H(t + T ) (T = 2pi/ω) are
given by the quasi-energy operator Q(t) ≡ H(t) − i∂t [47, 48].
The spin-up and spin-down bands are copied and shifted by
energies mω, leading to more band crossings induced by pe-
riodic driving, as shown in Fig. 1(a). These bands are labeled
by (s,m) in sequence, where s = 1 (2) denotes the spin-up
(-down) and m represents the shifted energy mω. In particu-
lar, the band (1, 0) has crossings with three bands (2, 1), (2, 2)
and (2, 3) for ω = 2t0. The finite V and SO terms further
open gaps at these BISs, rendering the Floquet bands charac-
terized by the effective Hamiltonian HF ≡ i logU(T )/T , with
U(t) = T exp [ − i ∫ t0 H(τ)dτ] and T denoting the time order-
ing. The Floquet bands in the Floquet Brillouin zone (FBZ)
[−pi/T, pi/T ] are shown in Fig. 1(a) (solid curves in the shaded
region).
We generalize the bulk-surface duality, which reduces the
dD bulk topology to a (d − 1)D topological invariant defined
on BISs [31], to Floquet systems. First, the present 1D Flo-
quet Hamiltonian HF = hF,xσx + hF,zσz maintains the chiral
symmetry S = σy of Hs. For the jth BIS with a pair of mo-
menta kx = k jL,R satisfying hF,z(kx) = 0, the invariant reads
ν j =
(
sgn[hF,x(k jR)]− sgn[hF,x(k jL)])/2. Further, we divide the
BISs, each formed by two bands (1,m1) and (2,m2), into two
categories by the integer δm ≡ |m1 − m2|: If δm is odd (even),
BISs are formed at the border (center) of FBZ and denoted
as pi-BISs (0-BISs). The classification of BISs is periodic in
quasienergy. We obtain the topological number of the lower
Floquet band in FBZ by
W =
∑
j
(−1)q j/piν j, (2)
where q j = 0 or pi for the q j-BIS. Finally, the invariants
W0/pi =
∑
q j=0/pi ν j give the numbers of boundary modes in
the two different gaps [48].
Dynamical characterization.–The quantum dynamics is in-
duced by suddenly quenching an initially fully polarized triv-
ial phase with mz  t0, ω to Floquet topological regime de-
scribed by Eq. (1) at time t = 0 [Fig. 1(b)]. The BISs and bulk-
surface duality introduced above can be characterized dynam-
ically as in Refs. [31–33], but now based on the stroboscopic
time-averaged spin textures
〈σi(k)〉 = lim
N→∞
1
N
N∑
n=0
〈σi(k, t = nT )〉, i = x, y, z. (3)
The spin textures 〈σx,z(kx)〉 are shown in Fig. 1(c). There
are four pairs of momenta at which 〈σx,z(kx)〉 = 0, indicat-
ing the momenta at four BISs kx = k jL/R. The topological
invariant on each BIS is further characterized by a dynamical
spin-texture field g(k), which has only one component here
gx(kx) = −∂k⊥〈σx(kx)〉/Nk and equals hF,x/|hF,x| on BISs, with
Nk being the normalization factor and k⊥ pointing from the
region hF,z(k) < 0 to hF,z(k) > 0. The dynamical field charac-
terizes the topological invariant v j = +1 on each BIS with the
parameters given in Fig. 1, so W = 0, but W0 = Wpi = 2, giv-
ing the number of edge states within each gap, and rendering
an anomalous Floquet topological phase [48].
For even dimensions, we take a 2D model as an exam-
ple to illustrate the dynamical characterization scheme, with
the Hamiltonian taking the similar form (1) and also V =
V0σz. The static Hamiltonian is now chosen as the quan-
tum anomalous Hall model Hs(k) = h(k) · σ with h(k) =
(tso sin kx, tso sin ky,mz − t0 cos kx − t0 cos ky) [49], which has
been realized in cold atoms [50, 51]. The Floquet bands are
3-
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(a) (b)
FIG. 2. Dynamical characterization of the 2D model. (a-b)
Quasienergy spectrum in the FBZ with periodic boundary condi-
tions (a) or for a cylindrical geometry (b). (c-e) Stroboscopic time-
averaged spin textures 〈σi(k)〉 (i = x, y, z). Three rings emerge in all
the textures (dashed curves): One (orange) is the pi-BIS and two (pur-
ple) are 0-BISs according to the band structure in (a). The inner one
surrounding the Γ point corresponds to the static BIS. (f) Dynamical
spin-texture field g(k) (green arrows) is constructed, whose wind-
ing characterizes the topological invariants v j = −1 ( j = 1, 2, 3).
The sign “+” (“-”) denotes the region where hF,z > 0 (< 0). Here
tso = 0.5t0, mz = 3t0, ω = 5t0 and V0 = 2t0.
shown in Fig. 2(a) with periodic boundary conditions, and
also in Fig. 2(b) for a cylindrical geometry, with periodic
boundary conditions only in the y direction. The stroboscopic
time-averaged spin textures 〈σi(k)〉 (i = x, y, z) are shown
in Fig. 2(c-e). One finds that three ring-shaped structures
emerge in all the textures, identified as two 0-BISs and one
pi-BIS according to the band structure. The dynamical field
g(k) = (gy, gx) is obtained by gi(k) = −∂k⊥〈σi(k)〉/Nk. Along
each ring, g(k) winds only once [see Fig. 2(f)], characterizing
the invariants v j = −1 for j = 1, 2, 3. The Chern number is
thus Ch = −1 and topological invariants (W0,Wpi) = (−2,−1)
indicate the existence of both conventional and anomalous
edge states in the gaps.
Generic d-dimensional systems.—We proceed to study the
generic dD driven systems described by
H(k, t) =Hs(k) + Vei(ωt−φ) + Ve−i(ωt−φ),
Hs(k) =
d∑
i=0
hi(k)γi, V = Vl1γl1 + Vl2γl2 + · · · ,
(4)
with the phase 0 ≤ φ < 2pi and li ∈ {0, 1, · · · , d}. Here the
γ matrices satisfy {γi, γ j} = 2δi j, and are of dimensionality
nd = 2d/2 (or 2(d+1)/2) if d is even (or odd).
The above discussions on 1D and 2D models belong to the
simple case with φ = 0. In odd dimensions, the static Hamilto-
nian Hs(k) necessitates a chiral symmetry S = i(d+1)/2
∏d
i=0 γi.
When φ = 0, we have SH(k, t)S −1 = −H(k,−t) and
SU(k, t)S −1 = U(k,−t), which leads to SHF(k)S −1 =
−HF(k). Therefore, for any d, even and odd, we have
HF(k) = hF,0(k)γ0 +
∑d
i=1 hF,i(k)γi. Note that the γ ma-
trices here are those in Hs. Similar to the convention in
Ref. [31], we choose hF,0(k) to characterize the dispersion
of nd decoupled bands, and define the BISs by hF,0(k) =
0. The remaining components are denoted as the SO field
hFso(k) ≡ (hF,1, hF,2, · · · , hF,d). For dynamical characteriza-
tion, we choose an initial state that is fully polarized in the
γ0 axis, which leads to BIS = {k
∣∣∣〈γi(k)〉 = 0,∀i} and g(k) =
(g1, g2, · · · , gd) with gi(k) = −∂k⊥〈γi(k)〉/Nk. Here k⊥ points
from the region hF,0(k) < 0 to hF,0(k) > 0. One can check
that g(k) ' hFso(k) on BISs [48]. The topological invariant ν j
is then characterized by the winding of g(k) on the j-th BIS,
and W = W0 −Wpi, where
Wq =
∑
j∈q-BIS
Γ( d2 )
2pi
d
2 (d − 1)!
∫
BIS j
g(dg)d−1, q = 0, pi. (5)
Here Γ(x) is the Gamma function, g(dg)d−1 ≡  i1i2···idgi1 dgi2 ∧
· · · ∧ dgid with  i1i2···id being the fully anti-symmetric tensor
and i1,2,...,d ∈ {1, 2, . . . , d}, and ‘d’ denotes the exterior deriva-
tive. Compared to other characterization methods [8, 9, 30],
the above invariants are characterized in lower-dimensional
momentum spaces and are easily measurable in experiments.
Nonzero driving phase.—Now we consider the periodic
driving with φ , 0, which is controlled by modulating bias
magnetic field. Denote by HφF the Floquet Hamiltonian and
write HF ≡ H0F for simplicity. We have HφF = U†(tφ)HFU(tφ)
with tφ ≡ φ/ω [48]. Since U(tφ) is local unitary, HφF and HF
have the same topology [52].
In odd dimensions, the Floquet topological phases are
symmetry-protected, and the characterization needs slight
modification. The Floquet Hamiltonian HφF has a different
chiral symmetry S φ = U†(tφ)SU(tφ), which indicates that H
φ
F
cannot be written in terms of the same γ matrices as HF . In-
stead of performing a direct measurement of 〈γi(k)〉, the stro-
boscopic time average is now taken from a modified initial
time tφ as
〈γi(k)〉 = lim
N→∞
1
N
N∑
n=0
〈γi(k, tφ + nT )〉. (6)
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FIG. 3. Dynamical characterization of the 1D model with φ = 3pi/4.
(a) The stroboscopic time average of spin dynamics should be taken
from a modified initial time tφ such that 〈σy〉 is almost zero for all
kx (the upper-left inset). The lower right inset: The unit vector field
of HφF has a nonzero component in the σy axis. (b) Dynamical char-
acterization with the initial time tφ. The results are consistent with
those in Fig. 1(c). Here the parameters are taken the same as in Fig. 1.
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FIG. 4. Dynamical characterization of the 2D model with φ , 0.
(a-d) Stroboscopic time-averaged spin textures 〈σi(k)〉 (a-c) and the
constructed dynamical spin-texture field g(k) (d) for φ = pi/2. Other
parameters are taken the same as in Fig. 2. (e) The rotation angle θ
of the two poles hφF,y/|hφF | = ±1 on the BIS surrounding the M point
[see (c)] versus the driving phase φ. When ω = 5t0 (a-c), the poles
rotate along the BIS twice with the increasing of φ. As a comparison,
another case with ω = 8t0 is also plotted, where the two poles rotate
around only once. Details can be found in Ref. [48].
This is equivalent to quenching an initial state with incomplete
polarization and characterizing the topology of HF (rather
than HφF) [48]. We take the 1D model with φ = 3pi/4 as an
illustration. As shown in Fig. 3(a), HφF has a nonzero com-
ponent hφF,y which breaks the chiral symmetry (the lower-right
inset). However, by choosing the initial time tφ, which cor-
responds to 〈σy(k)〉 = 0 in quench dynamics (the upper-left
inset), the Floquet topological phase is again well character-
ized [Fig. 3(b)].
More nontrivial results are obtained in even dimen-
sions, where the Floquet topological phases necessitate no
symmetry-protection and the dynamical scheme is directly ap-
plicable. We write HφF = h
φ
F(k) · γ =
∑d
i=0 h
φ
F,i(k)γi. The BISs
and topological patterns are defined with respect to hφF(k).
Here we still take the above 2D model as an example, but
set a nonzero phase φ. The results are shown in Fig. 4(a-d)
for φ = pi/2. One can see that although time-averaged spin
textures are different from those in Fig. 2, the two characteri-
zations yield the same classification of the topological phase.
The key finding is that by varying φ, the rotation of hφF(k)
can identify the emergence of driving-induced “topological
singularities” in the phase bands of U(tφ) [9]. We consider
hφF(k) on the BIS surrounding the M point, whose distri-
bution is signalled by the location of the two poles where
hφF,y/|hφF | = ±1 [see Fig. 4(c)] (or equivalently, choose the
poles hφF,x/|hφF | = ±1). We track the rotation of the pole
positions measured from 〈σx(k)〉 during one driving period
0 < tφ < T [Fig. 4(e)]. The results show that every full ro-
tation marks the emergence of a band-touching singularity at
the M point [48], with the number of driving-induced singu-
larities given by
NDS =
1
2pi
∮
φ
dθ(φ), (7)
where θ denotes the rotation angle [the inset of Fig. 4(e)].
Each singularity corresponds to a driving-induced BIS and
contributes to the topological number of Floquet bands.
Conclusion.— We have proposed a dynamical classifica-
tion theory with quantum quenches to fully characterize dD
Floquet topological phases via only minimal information of
the Floquet bands. The characterization is built on a gener-
alized dynamical bulk-surface correspondence, which shows
that the Floquet topological invariants can be directly obtained
from the emergent topology of quench dynamics on two (0
and pi) types of BISs. We point out that (i) our dynamical
theory provides a unified characterization: Based on the con-
cept of BISs, one can precisely determine the generic conven-
tional and anomalous boundary modes, and also identify the
emergence of topological singularities in the phase bands. (ii)
Our dynamical theory is highly feasible in experiments: On
one hand, the driven models proposed here are well realiz-
able [46, 50, 51]; on the other hand, the basis of our scheme,
i.e. the dynamical bulk-surface correspondence, has been ex-
perimentally proved in nondriven systems [34–41]. This work
5shall advance the field of Floquet topological phases in both
theory and experiment.
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6SUPPLEMENTAL MATERIAL
In the Supplemental Material, we provide more details of dynamical characterization scheme, the relation with edges states
and the detection of topological singularities in phase bands.
I. GENERIC DYNAMICAL CHARACTERIZATION SCHEME
For a driven system with H(t) = H(t+T ), one can employ the Floquet theorem, and use the Floquet states |ψn(t)〉 = e−iεnt |un(t)〉,
where |un(t)〉 = |un(t + T )〉 and εn are the quasienergies (see, e.g., Ref. [S1] and references therein). The time-dependent
Schro¨dinger equation then reduces to the eigenvalue equation Q(t)|un(t)〉 = εn|un(t)〉, with the quasienergy operator Q(t) ≡
H(t)− i∂t. One can treat the time t as a coordinate under periodic boundary conditions, and choose a complete set of bases eimωt
labeled by the integer m. In the extended Hilbert space F = H ⊗ LT , where LT is the space of T -periodic functions and H is
the Hilbert space, the operator Q can be written as a block-tridiagonal matrix, namely,
Q =

. . .
V Hs + ω V
V Hs V
V Hs − ω V
. . .

, (S1)
with each block having the same dimension as Hs. The diagonal blocks Hs +mω are copies of the static Hamiltonian with energy
shifts mω (m = ±1,±2, · · · ), and the off-diagonal blocks V couple the two neighboring copies. Copying and shifting unperturbed
bands lead to new band crossings (see Fig. 1 in the main text). The driving V then opens the gaps and brings about nontrivial
topology.
We consider the generic dD driven systems described by the Hamiltonian (6) in the main text. We emphasize that the γ
matrices in Hs are set to satisfy the trace property Tr[
∏d
j=0 γ j] = (−2i)n for even d = 2n or Tr[S
∏d
j=0 γ j] = (−2i)n for odd
d = 2n−1, with S = in ∏dj=0 γ j being the chiral matrix [S2]. For example, in two dimensions we should have Tr[γ0γ1γ2] = −2i;
if γ0 = σz, one should set γ1 = σy and γ2 = σx. We examine the quench-induced spin dynamics evolving under H(t), and
employ the stroboscopic time-averaged spin textures, which read
〈γi(k)〉 = lim
N→∞
1
N
N∑
n=0
Tr
[
ρ0(k)U†(k, nT )γiU(k, nT )
]
, (S2)
where ρ0 is the density matrix of the initial state.
We first set the driving phase φ = 0. Suppose that the initial state is fully polarized along the γ0 axis (BISs are defined by
hF,0(k) = 0) such that γ0ρ0 = −ρ0. We then have U(nT ) = exp ( − iHF · nT ) = cos(EF · nT ) − i sin(EF · nT )HF/EF , with
EF =
√∑d
i=0 h
2
F,i being band energy, which leads to
〈γi(k)〉 = hF,iTr
[
ρ0HF
]
E2F
= −hF,i(k)hF,0(k)
E2F(k)
. (S3)
This result directly leads to the dynamical characterization of BISs: 〈γi(k)〉 = 0 for all i. We note that on the BIS,
∂k⊥〈γi(k)〉 = − limk⊥→0
1
2k⊥
hF,i + O(k⊥)
E2F + O(k⊥)
· 2k⊥ = −hF,i
E2F
, (S4)
Hence, the dynamical spin-texture field g(k) = (g1, g2, · · · , gd) with gi(k) ≡ −∂k⊥〈γi(k)〉/Nk satisfies g(k)|k∈BIS ' hFso(k). The
topological invariants on BISs can be characterized by the winding of the dynamical field g(k), given by Eq. (7) in the main text.
When the driving phase φ is nonzero, we first introduce the time-evolution operator from time ti to t, which reads
U(t, ti; φ) = T exp
[
−i
∫ t
ti
H(τ; φ)dτ
]
. (S5)
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FIG. S1. Quasienergy spectrum of the 1D driven model under open boundary conditions. The number of edge states (red circles) at the gap
around ε = 0 (or ε = pi/T ) equals to the topological invariants on 0-BISs (or pi-BISs). The parameters are taken the same as in Fig. 1 of the
main text, with the lattice site number set to be 160.
Here T denotes time ordering. We then have U(T, 0; φ) = U(T − tφ,−tφ; 0) = U†(0,−tφ; 0)U(T, 0; 0)U(0,−tφ; 0) with tφ ≡ φ/ω,
which yields
HφF = U
†(tφ)HFU(tφ), (S6)
where U(tφ) ≡ T exp [ − i ∫ tφ0 H(τ; φ = 0)dτ]. Thus, HφF is related to HF via a local unitary transformation; they have the same
energy spectrum and the same topology. The dynamical characterization becomes slightly different in even and odd dimensions:
(i) In even dimensions, the dynamical scheme for φ = 0 can be directly applied. Since HφF = h
φ
F(k) · γ =
∑d
i=0 h
φ
F,i(k)γi, the BIS
is now defined as momenta where hφF,0(k) = 0, and the spin-orbit field is h
F
so = (h
φ
F,1, h
φ
F,2, · · · , hφF,d). It can be checked that the
stroboscopic time-averaged spin textures defined in Eq. (S2) yield 〈γi(k)〉 = −hφF,i(k)hφF,0(k)/E2F(k) when the initial state ρ0 is
fully polarized. (ii) In odd dimensions, the driving will induce extra spin axes, and a direct characterization will fail. We modify
the stroboscopic time average by starting from the initial time ti = tφ, namely,
〈γi〉 = lim
N→∞
1
N
N∑
n=0
Tr
[
ρ0(tφ)U†(nT + tφ, tφ; φ)γiU(nT + tφ, tφ; φ)
]
, (S7)
where ρ0(tφ) = U(tφ)ρ0U†(tφ). We note that U(nT + ti, ti; φ) = U(nT, 0; 0) = exp(−iHF · nT ). Thus, ρ0(tφ) is (incompletely)
polarized, and spin textures in Eq. (S7) can still be used to characterize the topology of HF following the same procedure [S3].
In fact, we have 〈γi〉 = −hF,ihφF,0/E2F in this case. Topological patterns on the BISs hφF,0(k) = 0 indeed characterize the topology
of HF .
II. RELATION WITH THE NUMBER OF BOUNDARY STATES
In our dynamical characterization, the topological invariants on BISs directly reflect the number of boundary states at the two
gaps ε = q/T (q = 0, pi), i.e.,
nedge(ε) =
∑
j∈ q-BIS
v j = Wq (S8)
For the 1D periodically driven model considered in the main text, here we give the quasienergy spectrum under open boundary
conditions (see Fig. S1). We take the same parameters as in Fig. 1, and find that the number of edge states at the two gaps are
both 2, being identical to the topological invariants W0,pi. The verification for 2D systems has been shown in Fig. 2 of the main
text.
III. IDENTIFYING THE EMERGENCE OF TOPOLOGICAL SINGULARITIES IN PHASE BANDS
The evolution operator U(k, t) can be diagonalized as
U(k, t) = e−iΦ(k,t)|+〉〈+| + eiΦ(k,t)|−〉〈−|, (S9)
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FIG. S2. Rotation angle θ serves as a signal of the emergence of topological singularities in the phase bands of the evolution operator U(tφ).
Upper panel: Phase bands of U(tφ). Lower panel: the measured rotation angle θ as a function of the driving phase φ. Two cases are considered:
ω = 5t0 (a) and ω = 8t0 (b). In (a), two driving-induced topological singularities emerge at tφ = 0.267T and tφ = 0.802T , respectively. In (b),
only one driving-induced singularity emerge (tφ = 0.645T ), which corresponds to the pi-BIS in the Floquet bands (tφ = T ). The emergence of
these singularities is captured by the evolution of the rotation angle.
where ±Φ(k, t) (0 ≤ Φ ≤ pi) are called phase bands [S4]. It has been shown that topologically-protected crossings of the phase
bands throughout the driving period 0 < t < T determines the topology of Floquet systems [S4]. For our 2D model with the
setting mz > 0, besides the gap-closing stemming from the topology of static bands, driving-induced gap-closings all occur at the
M point (see Fig. S2) (When mz < 0, the situation is reversed: “static” gap-closing at M and driving-induced gap-closing at Γ).
We consider the neighboring region of the M point, where the evolution operator can be approximated as U(t) ≈ exp[−iΦ(t)σz].
Note that for the vector field hF(k) on a BIS surrounding the M point (hF,z = 0), the transformation (S6) can be regarded as
a rotation about the σz axis by an angle 2Φ(tφ), which generates the φ-dependent field h
φ
F(k). Due to the expression (S9), a
topological singularity emerges when Φ(tφ) reaches pi or 0; at the meantime, the field hF(k) on the BIS should be rotated in a
full circle by the operator U(tφ). We can expect that the emergence of topological singularities can be revealed by examining
how spin textures evolve with the increasing driving phase φ.
We choose the two poles hφF,y/|hφF | = ±1 to detect the rotation, which can be identified by the stroboscopic time-averaged spin
texture 〈σx(k)〉. According to Eq. (S3), dynamical characterization of 〈σx(k)〉 = 0 identifies both the BISs (hF,z = 0) and the
curves hF,x(k) = 0. Thus, the poles h
φ
F,y/|hφF | = ±1 are the intersections of these two kinds of curves [see Fig. 4(c) in the main
text]. We measure the rotation angle θ and plot it as a function of the driving phase φ. The results are shown in Fig. S2 and also
Fig. 4(e) in the main text, which confirm our analysis.
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